Abstract. We present an exact solution to the problem of the global shape description of a spherical vesicle distorted by a grafted latex bead. This solution is derived by treating the nonlinearity in bending elasticity through the Bogomol'nyi decomposition technique and elastic compatibility. While the "hatmodel" approximation is recovered in the limit of a small latex bead, the region antipodal to the grafted latex bead is predicted to flatten.
Exact solutions to nonlinear models offer novel insights into physical systems not at first unveiled by approximate approaches. A prominent issue in the context of vesicles is the understanding of long-range phenomena connected to the inclusion of mesoscopic particles in their membrane [1] [2] [3] [4] . The difference in scale between the vesicle's membrane thickness and the long-range limit allows the vesicle to be described as an embedded surface. The description of a vesicle's membrane behavior in the longrange limit is currently founded on the concept of bending elasticity [5] [6] [7] [8] . Recently the Bogomol'nyi decomposition technique [9, 10] has emerged as a promising theoretical framework to study long-range, nonlinear elastic phenomena in soft-condensed matter [11] [12] [13] [14] . In this Article we derive an exact solution that describes the experimental observation of a spherical vesicle distorted by a grafted latex bead [4] within the Bogomol'nyi framework combined with elastic compatibility.
In order to take advantage of the Bogomol'nyi technique, we should describe the vesicle shape within a covariant field theory [13, 14] . According to the fundamental theorem of surface theory [15, 16] , any embedded surface is perfectly represented by a pair of symmetric second-rank tensors coupled to each other by integrability conditions: a prescribed metric tensor g ij coupled to a prescribed shape tensor b ij via elastic compatibility conditions. Within this framework, the bending Hamiltonian suggested by Canham [5] reads:
which depends on the vesicle shape S through the prescribed pair (g ij , b ij ) and on the phenomenological bending rigidity k . We have adopted the Einstein summation convention [17] , and used customary notation: the integral runs over the surface manifold S with surface element dS = dx 2 |g|, where |g| represents the determinant det(g ij ) and x the set of arbitrary intrinsic coordinates. Since the roundness of the grafted latex bead imposes axisymmetric deformations, we focus on vesicles of revolution. In a recent work [14] , we have shown that, for surfaces of revolution, the isometric azimuthal coordinates (u, ϕ) are a relevant choice, which not only simplifies formulas related to the fundamental theorem of surface theory but also elucidates the application of the Bogomol'nyi technique to the bending Hamiltonian (1) .
To begin, the fundamental theorem of surface theory claims that any pair of diagonal second-rank tensors (g ij , b ij ) which in isometric azimuthal coordinates (u, ϕ) takes the form:
and obeys the elastic compatibility condition:
where the local Weyl gauge field σ and the polar angle Ω of the outward surface normal are sufficiently differentiable functions of u, corresponds to a unique axisymmetric surface S -modulo its position in space (Appendix A). Therefore, the bending Hamiltonian (1) can be written as
where the integral runs along the profile P of the axisymmetric surface S. The Bogomol'nyi technique allows us to resolve the Hamiltonian (1) into a perfect square Hamiltonian and a topological bound [13, 14] : for spherical surfaces of revolution S 0 , the decomposition reads [14] :
which readily saturates the bound when the polar angle Ω satisfies the first-order nonlinear differential equation [14] :
The centered solution of (7) is the aperiodic sine-Gordon kink:
As expected [13, 14] , the axisymmetric surface obtained by integrating the related Gauss-Weingarten equations under appropriate conditions (Appendix A) is the round sphere, in cylindrical parametrization,
the isometric coordinate u running from −∞ to +∞. This remarkable result has encouraged us [14] to envision deformed spherical vesicles of revolution as frustrated or unsaturated sine-Gordon kinks [14, 18, 19] . Now let us assume a "bare" spherical vesicle of revolution distorted by a round latex bead chemically grafted at its north pole [4] . By bare, we mean that only the bending energy (1) is considered. Thus, our system is governed by the Hamiltonian (5) (or (6)) which must be minimized subject to the elastic compatibility condition (4) .
Applying the method of Lagrange multipliers for differential equation constraints [20] gives the unconstrained functional:
where µ is the Lagrange multiplier. Inserting the relation (4) into the Euler-Lagrange equations derived from the functional (10) by varying with respect to Ω, σ and µ readily leads to the double sine-Gordon equation:
The coefficient ε is a constant of integration that arises because the functional (10) does not depend explicitly on σ. Note that equation (11) matches the historical "shape equation" [21] only when the coefficient ε vanishes. As shown below, a nonvanishing coefficient ε is due to boundary conditions dictated by the grafted latex bead: a posteriori the shape equation (11) is not inconsistent with the customary shape equation, which may be adapted when boundary conditions are imposed [21] . Physically, for the surface normal, the elastic compatibility (4) acts as a uniform external axial field of magnitude k ε: indeed for the related effective elastic Hamiltonian,
the Euler-Lagrange equation with respect to Ω is the double sine-Gordon equation (11); for spherical surfaces of revolution S 0 , the effective Hamiltonian (12) decomposes with respect to the Bogomol'nyi technique into:
Fortunately a suitable solution of the equation (11) generalizing the solution (8) exists that meets the interface conditions imposed by the grafted latex bead as follows. First, we easily check by direct substitution that the solution:
satisfies the second order nonlinear differential equation (11) with:
whereas it degenerates into the solution (8) when the parameter ε vanishes. Solving the involved Gauss-Weingarten equations under appropriate conditions (Appendix A) leads, after detailed calculations, to an exact solution for the surface of revolution, which is the relevant generalization of (9): and which smoothly joins the concavely bound spherical northern (bead) cap to the vesicle surface when the interface parallel u =û [22] and the parameter ε obey:
ρ andρ being respectively the latex bead radius and the encapsulated radius, the isometric coordinate u varying fromû to +∞ (see Figure 1 and the inset of Figure 2 ). Basic analytical considerations always ensure that the system (17) has one unique solution which can be found numerically without difficulty. The scale and the position in space have been chosen with respect to the equator [22] : its radius is set to unity (its scale) while its plane passes through the origin (its position). It can be readily verified that the surface (16) approaches the round sphere (9), as expected, when the parameter ε tends to zero. In fact, the interface conditions (17) essentially require that at the proper place (the inequalities) the normal lines of the vesicle surface and of the round latex bead surface coincide (the equalities) [4, 14, 23] . When the latex bead is very tightly bound to the vesicle -biotinylated lipids can be employed to render vesicles very sticky to streptavidin coated latex beads [4] -these junction conditions are reasonable at the vesicle scale, nevertheless at the membrane scale a more detailed treatment may be needed since the curvature experiences a discontinuity along the junction parallel -as far as we know, while they are the ones implicitly assumed in Ref. [4] , there is no such treatment in the literature. The relative magnitude ε of the effective uniform external field, according to the equality (15) and the interface conditions (17) , is determined by the latex bead radius ρ and the encapsulated radiusρ: for physically relevant latex beads, the relative magnitude ε increases as either the relative encapsulated radiusρ/ρ or the latex bead radius ρ increases. Finally, for complete encapsulation (ρ = ρ) in the limit ε ≪ 1, the "hat-model" approximation [4, 23, 24] is recovered as the axisymmetric surface (16) experiences complete contact of order O ε 2 ln 2 ε with a catenoid along the corresponding interface parallel, which then fuses itself with the (neck) equator u = −
. After the coordinate shift
, we get:
since r(v = 0 | ε) = 2 ε + O ε 2 ln 2 ε , the limit ε ≪ 1 is here equivalent to the limit ρ ≪ 1, thus it applies to small latex beads. More detailed analysis may be required for arbitrary encapsulations (0 <ρ ρ).
Next, while keeping in mind that grafting a second identical latex bead antipodal to the first one cancels the coefficient ε in equation (11) as it was implicitly shown in Ref. [14] , we investigate the global deformation experienced by the bare spherical vesicle. First, for the surface of revolution (16), the length s(u | ε) along meridians [22] from the south pole u = +∞ to the parallel u, the mean curvature H(u | ε) and the Gaussian curvature K(u | ε) along the parallel u are found to take respectively the exact forms:
with Φ denoting the Lerch transcendental function [25] . Plotting the Gaussian curvature K as a function of the meridian arc length s from the south pole reveals, as clearly exhibited in Figure 2 , that the surface of a bare vesicle distorted by a grafted , 1. The inset shows the geometry at the north pole: the dashed circle profiles the latex bead, and the bold arc the polar cap imposed by it; the arrows indicate the nomenclature: the latex bead radius ρ, and the encapsulated radiusρ.
round latex bead surprisingly splits into three domains: a strong curvature gradient region in the neighborhood of the bead; a weak curvature gradient zone around the equator; an unexpectedly flat southern region, as the curvature amazingly tends to zero at the south pole. On the other hand, the presence (or absence) of an antipodal grafted latex bead does not seem to radically affect the profiles around the grafted latex bead, as is evident by comparing Figure 1 with the corresponding one in Ref. [14] . The global deformation of the bare spherical vesicle can be understood as follows. By imposing a concavely bound spherical cap, the grafted round latex bead prevents the bending Hamiltonian (5) (or (6)) from reaching its global minimum and brings into play the elastic compatibility (4): the former phenomenon is revealed through the Bogomol'nyi decomposition technique, the latter can be mimicked by an effective uniform external axial field interacting with the surface normal.
This key result concisely expressed in the decomposed effective Hamiltonian (13) leads to a clear comprehension of the geometrical frustration experienced by the bare spherical vesicle: the surface normal attempts to shape the bare spherical vesicle into a round sphere to saturate that part of the effective Hamiltonian (13) which is inherited from the bending Hamiltonian, whereas the effective uniform external axial field tries to anti-align the surface normal to minimize that part of the effective Hamiltonian (13) which mimics a uniform external axial interaction. Ultimately the alteration due to the presence (or absence) of an antipodal grafted latex bead resolves the competition between the two parts: the highly distorted region in the neighborhood of the grafted bead is mainly governed by the shape part which tends to make it round; by contrast, the essentially flat region antipodal to the grafted bead is driven by the effective uniform external axial field which flattens it by forcing the local curvature to vanish while the shape part tries to maintain it round. The elastic compatibility condition (4) globally "releases" the bending Hamiltonian (5) (or (6)) in the sense that omitting the elastic compatibility condition (4) is tantamount to enhancing the bending energy by attaching an antipodal latex bead.
In conclusion, we have demonstrated that bare spherical vesicles distorted by a grafted latex bead can be treated by taking into account nonlinearity in the bending elasticity through the Bogomol'nyi decomposition technique and elastic compatibility. In particular, we have found that the corresponding Euler-Lagrange equation reduces to the double sine-Gordon equation. We have analyzed the system through an effective field theory and derived a suitable exact solution which recovers the hatmodel approximation [4, 23] in the limit of small latex beads. The present study provides a physically motivated example of pure geometrical frustration induced by a mesoscopic particle. Finally, whereas mesoscopic inclusion problems are typically treated by envisaging spherical biological vesicles as infinite planes [2, 4, 23, 24] , we have shown that simple topological arguments allow us to tackle such problems by emphasizing the underlying spherical topology. Our suggested approach may be extended further by accounting for other aspects besides the underlying topology, in particular the area and volume constraints [8, 26] .
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Appendix A.
Let us represent any surface of revolution in azimuthal coordinates (v, ϕ) by
where the radius r(v) (0 r(v)) and the height z(v) are both sufficiently differentiable functions of the coordinate v. Then the metric tensor g ij has the following components [15, 16] :
Before computing the shape tensor b ij , the outward surface unit normal vector N(v, ϕ) may be computed as [15, 16] :
Hence [15, 16] :
Next we may introduce the polar angle Ω(v) associated with N(v, ϕ):
which satisfies the useful relationships:
Thus, whereas the outward surface unit normal vector N(v, ϕ) takes the desired form:
the components of the shape tensor b ij are readily written as:
Now let us transform to isometric coordinates (u, ϕ) [15, 27] by the transformation:
which yields a conformally flat metric [27] . As a matter of fact, the components of the metric tensor become:
while the components of the shape tensor attain the form:
Finally, to emphasize the conformally flat nature of the metric and/or the isometric nature of the coordinates (u, ϕ), we may introduce the local Weyl gauge field σ(u) [27] :
To summarize, for any surface of revolution the metric tensor g ij and the shape tensor b ij can take, in (isometric) azimuthal coordinates (u, ϕ), the form: 14) respectively. Afterward, with the perspective of computing the elastic compatibility conditions (the Gauss-Codazzi-Peterson equations) [16] we may compute the Christoffel symbols of the second kind Γ k ij [16, 27] , 15) and then the Riemann tensor R ijkl [16, 27] ,
In isometric azimuthal coordinates (u, ϕ), the non-vanishing Christoffel symbols of the second kind Γ 17) and the non-vanishing component of the Riemann tensor R ijkl is:
Therefore, the Gauss equations [16] , .19) simplify to the equation: 20) while the equations of Codazzi and Peterson [16] ,
yield: Next we shall show the converse of the previous results, namely, that any pair of diagonal second-rank tensors (g ij , b ij ) which in (isometric) azimuthal coordinates (u, ϕ) takes the form (A.13)-(A.14) and obeys the elastic compatibility condition (A.22) , where the local Weyl gauge field σ and the polar angle Ω of the outward surface normal are sufficiently differentiable functions of u, corresponds to a unique axisymmetric surface -modulo its position in space. In fact, this converse theorem is rather a simple illustration of the fundamental theorem of surface theory [15, 16] . The general demonstration of the fundamental theorem of surface theory [15] consists in proving that the Gauss surface equations [15, 16] ,
mixed with the Weingarten equations [15, 16] ,
under the additional conditions [15] ,
determine a unique surface X -modulo its position in space -with N as its outward surface unit normal vector. In our case, the Gauss surface equations (A.23) yield:
and the Weingarten equations (A.24) yield:
By elimination of N(u, ϕ), equations (A.26c), (A.26b) and (A.27b) hold:
Then equation (A.26b) gives: 
Moreover, eliminating N(u, ϕ) between equations (A.26a) and (A.26c), we obtain:
Substitution of formula (A.32) into equation (A.33) yields:
where C is a constant vector of integration. So, we readily have: By the choice of the direct orthonormal triplet [ e x , e y , e z ] and of the translation t, the surface of revolution (A.46) can be placed in any position in space.
